Abstract. In order to obtain information about the internal structure of fluctuating Cooper pairs in the pseudogap state and below the transition temperature of high Tc superconductors, we solve the BetheSalpeter equation for the two-electron propagator in order to calculate a "pair structure function" gP (P, ρ ρ ρ) that depends on the internal distance ρ ρ ρ between the partners and on the center of mass momentum P of the pair. We use an attractive Hubbard model with a local potential for s-wave and a separable potential for d-wave symmetry. The amplitude of gP for small ρ depends on temperature, chemical potential and interaction symmetry, but the ρ dependence itself is rather insensitive to the interaction strength. Asymptotically gP decreases as an inverse power of ρ for weak coupling, but exponentially when a pseudogap develops for stronger interaction. Some possibilities of observing the pair structure experimentally are mentioned.
Introduction
High-temperature cuprate superconductors show remarkable deviations from Fermi liquid behaviour in their normal state, in particular in the underdoped region. One of the most striking features is the opening of a pseudogap above the superconducting critical temperature T c and below another temperature, T * , that increases when the doping is reduced [1] . This pseudogap appears to have the same angular dependence and magnitude as the superconducting gap below T c , with which it seems to merge at the phase transition. In the pseudogap region, thermodynamic quantities and transport coefficients also deviate from Fermi liquid behaviour [2] . To explain these anomalies, different scenarios can be invoked. One of them is based on the formation in the pseudogap region of incoherent Cooper pairs [3] , also called "preformed" pairs [4] . The pairing in both the spin and charge channels could indeed explain some of the forementioned normal state anomalies [5] . The phase coherence among these pairs is established at a lower temperature, leading to the superconducting transition. In this respect, the superconducting transition can be regarded almost as a Bose condensation of preformed Cooper pairs [7] , while the BCS behaviour, in which the formation of the Cooper pairs a e-mail: massimiliano.capezzali@epfl.ch and their condensation occur at the same temperature, is recovered as one approaches the overdoped region.
It is customary to characterize the physical behaviour of a superconductor in terms of specific length scales. The low temperature superconducting coherence length ξ sc is an important quantity showing different behaviour between the overdoped and underdoped region. Indeed, ξ sc is much shorter in underdoped compounds. In the framework of model calculations one finds a marked dependence of this coherence length on the strength of the pairing interaction [8] . When the latter increases the system crosses over from the BCS regime towards the Bose-Einstein condensation (BEC) region, while ξ sc decreases. In the framework of a Landau-Ginzburg description of superconductivity ξ sc is the length scale over which the superconducting order parameter varies, for example around a given disturbance.
Another basic length, ξ pair , is usually related to the size of the Cooper pairs in the superconducting condensate. In the BCS limit it can be obtained in a simple manner from the modulus square of the anomalous Green function [9, 10] . It turns out that the behaviour of the two important length scales, ξ sc and ξ pair , are similar as a function of coupling strength: the stronger the interaction the shorter are these two lengths (at least up to some intermediate coupling strength).
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The European Physical Journal B Our interest here is focused on fluctuating pairs which have a finite lifetime and whose phases are correlated over a finite distance only. Above T c they precisely correspond to the above mentioned preformed pairs, but they also exist below T c due to thermal and quantum fluctuations. We will show that these fluctuating pairs should be characterized by a third typical length ξ fp which is determined by the dynamic pair correlation function, and is thus not necessarily directly related to the two other lengths introduced above.
We base our calculations on the two-dimensional attractive Hubbard model. We consider either an isotropic attraction with varying range (going from an on-site to a long range attraction) giving rise predominantly to s-wave pairing, and, alternatively, an attraction acting on electrons sitting on neighboring sites, leading to d-wave pairing. Analytic [7, 11] and numerical work [12, 13] has shown that such a model can describe the instabilities toward the formation of electronic pairs of these two symmetries, and the transition to the superconducting state. By increasing the strength of the attraction, it is possible to follow the evolution of a variety of physical quantities in a cross-over between a BCS-like behavior to a scenario where superconductivity can be related to the condensation of preformed pairs [14] . Going beyond the weak coupling limit, the formation of a pseudogap above the transition temperature is found.
In order to describe the internal structure of preformed pairs, for both T larger than T c and T smaller than T c , in underdoped high-temperature superconductors we study the Green function for the operator which creates a pair of particles whose partners are at a certain relative distance, and study how this internal distance varies as a function of temperature, interaction strength and form, as well as density of particles. To this end, we will consider a Bethe-Salpeter (BS) approach. In the case of a dilute system of charge carriers, which is of interest to us, the simplest approximation to the BS equation allows to separate the center of mass motion of a pair from its internal degree of freedom. The former is described by the standard two-particle T-matrix. The latter takes into account the relevant interaction channel of repeated twoparticle scattering and has a two-fold meaning. On one hand, it correspond to the propagator of a pair with center of mass momentum P, but having a specific internal structure, given by the form of the basic attractive interaction. On the other hand, the same T-matrix also has essentially the same form as the dynamic correlation function of the pairing field, which is governed by a linear approximation to the usual Landau-Ginzburg (LG) type free energy, that can be found from the basic Hamiltonian by the wellknown Stratonovich-Hubbard transformation [11] . In the framework of this LG description one immediately finds ξ sc , which is expressed in the usual way by the coefficients of the Landau-Ginzburg free energy [8] .
As stated above, we are, however, interested in the behaviour of the pair propagator for arbitrary distance between the two partners of the pair. This information comes from the two-particle bubble showing up in the BS equation, and it is finally given in the form of a pair structure function g P (ρ) which gives essentially the probability for the two partners of a pair, with a given center of mass momentum P, of being at the distance ρ ρ ρ from each other. Interesting information about the internal structure of a pair can be obtained from the ρ ρ ρ dependence of this distribution function both for small and for large values of ρ ρ ρ. The structure of g P (ρ) up to an internal distance of a few lattice constants, determined numerically, allows to exhibit the influence of various parameters, such as temperature, coupling strength, center of mass momentum and pairing symmetry. The asymptotic behaviour for large ρ ρ ρ will be studied both numerically and analytically. For very weak coupling g P (ρ) goes to zero as a power of the distance, such that the second moment which is usually used in order to define ξ pair does not exist. On the other hand the existence of a pseudogap leads to an exponential decay. Thus, in this latter case a fluctuating pair length ξ fp can be introduced. Its value approaches the one of the length ξ pair of condensed Cooper pairs when the pairing interaction becomes stronger. This is a sign that towards strong coupling the superconducting transition can more and more be interpreted as the Bose condensation of the preformed pairs.
The paper is organized as follows. An overview of our theoretical approach is given in Section 2. Starting from the BS equation for both, T larger than T c and T smaller than T c , an explicit expression is derived for g P (ρ), and the basic lengths are related in detail to the relevant quantities obtained from the BS equation. Above T c the one-electron Green functions constituting the two-particle bubble will either be approximated by a free electron form or by a BCS form with a finite line-width, in order to represent the pseudogap. In Section 3 we analyze the dependence of g P (ρ) on the distance ρ ρ ρ between the two partners of a pair. The short range structure reflects the underlying (s or d) symmetry of the pairing mechanism. Most pairs are relatively localized, extending only over a few lattice constants. Asymptotically g P (ρ) varies as an inverse power law of ρ ρ ρ for weak attraction, but exponentially when the interaction is strong enough to produce a pseudogap in the one-electron spectrum. In that case a characteristic length ξ fp of fluctuating pairs can be introduced and compared to ξ pair of the superconducting state. We then discuss the influence of the various parameters of our model, such as temperature, chemical potential and interaction strength and shape, on the structure of g P (ρ). Pairs formed on top of the Fermi sea remain relatively localized even when the coupling becomes weak. The main results of our work are summarized in Section 4, where we also mention possible experimental accesses to the internal structure of Cooper pairs.
In Appendix A we discuss the form of the oneelectron spectral functions in the pseudogap region and in Appendix B we relate our pair structure function to the total number of preformed pairs which is usually introduced in the framework of the Landau-Ginzburg description of the superconducting phase transition. In Appendix C we discuss the pair length for a d-wave superconductor at finite temperature.
Theoretical description of the pairs
We consider an extended attractive two-dimensional Hubbard model given by the Hamiltonian:
where t is the hopping parameter between nearest neighbor sites and U (i − j) > 0 is an attractive interaction coupling the electronic density n iσ = c † iσ c iσ at two different sites i and j. All our calculations are performed in the grand-canonical ensemble, using the chemical potential µ, rather than the electronic density, as a parameter. Our objective consists in analyzing, in the framework of (1), the structure of electronic pairs. The latter shows up in different context. There are "preformed" or "fluctuating" pairs in the normal state for T > T c , in the domain where simulations show the formation of a pseudogap. One of the current interpretations of this unusual feature in the cuprates precisely invokes the presence of preformed electronic pairs, existing up to a temperature T * , that can be substantially higher than T c . Below T c , Cooper pairs form the superconducting condensate, but there are also "fluctuating" pairs in the superconducting state. In order to describe this broken symmetry phase, we will introduce the Nambu formalism. In this way, we create a formalism that is valid above and below T c .
In order to study electronic pairs we consider the operator
defined on the lattice sites i and j with coordinates x i and x j , which creates a pair of electrons with opposite spins. We define the center of mass coordinate of the pair r ij and the relative distance ρ ρ ρ ij , as:
Although Q † and its adjoint do not satisfy the canonical commutation relations for independent (bosonic) particles, they can be used in order to describe electronic pair correlations through the dynamic correlation function:
where T denotes the time ordering operator. Manifestly, χ is a two-electron Green function G 2 :
with a special choice of arguments (the numbers i = 1, 2, 1 , 2 are a shorthand notation for the generalized coordinates x i , t i , σ i of space, time and spin variables):
A simple and convenient approximation for evaluating G 2 for a system described by the Hamiltonian (1) consists in solving the Bethe-Salpeter (BS) equation [15] , which we study separately in the normal and in the superconducting states.
Normal state
Here the two-electron Green function has the form:
taking into account only repeated scattering events between two electrons (thus restricting our analysis to low density systems) and expressing G 2 in term of the "full" one-electron Green's function G and of the attraction potential U . Here and in the following we use imaginary time arguments, 0 ≤ t ≤ iβ, β = 1/(k B T ), with the corresponding time-ordering. We also adopted in (6) the convention for which the bar under two identical arguments denotes integration over space and time. Introducing the special choice of variables needed for the pair correlation (5) into the general BS equation (6) and denoting the dynamic correlation function (3) by χ(r ij − r rs , ρ ρ ρ ij , ρ ρ ρ rs , t − t ) ≡ χ(r i , ρ ρ ρ j , ρ ρ ρ l , t) (where now r i = ia and ρ ρ ρ j = ja are discrete vectors, that represent the distance among two sites on a square lattice of constant a), one obtains:
where G is the particle-particle bubble:
describing the motion of two independent particles whose properties have been renormalized by the interaction. The spin indices have been omitted, since we are interested in the particular configuration of opposite spin of the partners of the pairs, and the interaction is independent of the spin variable. We now apply a Fourier transformation with respect to the variable r i to equation (7), introducing the center of mass momentum P, and we go from imaginary time to (bosonic) Matsubara frequencies z ν . For a local attraction U (r) = U 0 δ(r) the transformed equation becomes algebraic and χ can immediately be related to the particle-particle bubble function G (see below). When the interaction has a finite spatial extension one has either to 420
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φ λ being the various characteristic shape functions of the potential. In order to simplify the formalism we will select one value of φ λ only. We will consider the following cases:
The first weight function is the usual form for an isotropic interaction [9] with a typical interaction range given by the inverse of k 0 . For k 0 → ∞ the usual point interaction leading to s-wave pairing is recovered. The second choice is for d-wave pairing. The equation for χ is thus given by:
whereG(P, k; z ν ) is the Fourier transform of the particleparticle bubble (8) with respect to the center of mass position r, internal distance ρ ρ ρ and time, and F λ is an intermediate-step quantity obtained from the convolution of the Fourier transform of the dynamic correlation function χ with respect to the variables ρ ρ ρ i and ρ ρ ρ j , and the characteristic shape function of the potential:
For a given weight function in (9) the equations (12) and (13) can now be solved to yield:
Here the following key quantities show up: 1. The usual two-particle T-matrix T (P, z ν ) given by:
Given the fact that it involves -in the denominator -a sum over the wave vector k of the particle-particle bubble, weighted by the square of the shape function determining the interaction potential, it contains information about a particular type of "reference pairs" with a given internal structure (determined precisely by the square of the weight function) with center of mass momentum P, and Matsubara frequency z ν corresponding to the energy of the pair when continued to the real axis. For a strictly local potential (i.e. φ λ = 1) the corresponding reference pairs consist of electrons sitting on the same lattice site.
As usual the T-matrix, for z ν going to Ω + i , can be given a simple form for small Ω and P :
This form corresponds to the dynamic correlation function of the pairing field ψ governed by a time-dependent Landau-Ginzburg equation:
Indeed, starting from the above Hamiltonian with a separable potential of the form (9) and upon performing the usual Stratonovich-Hubbard transformation [11] , one can transform the partition function into a functional integral over such a time-and space-dependent pairing field ψ, governed by a Landau-Ginzburg-type free energy, which is quadratic in ψ and leads to the field equation (56). In this framework the typical length scale characterizing the "stiffness" of the pairing field can be identified, which is our superconducting coherence length ξ sc . The above coefficient a usually has the following temperature dependence
Based on this form, Kao et al. [8] define ξ sc by:
They note that this length strongly depends on the strength of the interaction: it is large for weak coupling and it becomes small for intermediate coupling.
2. The two-particle bubble, Fourier transformed back to real space by using the weight factor φ λ , reads:
This is the quantity which introduces the ρ ρ ρ dependence into χ which we are actually interested in. In order to interpret in simple physical terms the internal structure of the preformed pairs which we will find in the following section we will thus have to come back to the ρ ρ ρ dependence hidden in (20) . Finally, the "pair structure function" g P (P, ρ ρ ρ), that gives the internal structure of a pair having momentum P and internal distance ρ ρ ρ is defined by:
N B (Ω) being the Bose-Einstein distribution function, while Φ(P, ρ ρ ρ, Ω) represents the spectral function of a pair with center of mass momentum P, energy Ω and internal distance ρ ρ ρ:
The form of the pair interaction influences g P (ρ) in two different ways: a) It renormalizes the one-electron Green function constituting the bubble (20) , in particular by creating a pseudogap in the density of states opening at a temperature T * , which can be substantially higher than T c ; b) it shows up explicitly in the T-matrix expression (15) determing thus the coefficient a(T ) in (18) and thus the superconducting transition temperature (given in our approach by the so-called Thouless criterion, i.e. by the temperature at which a(T ) vanishes). It will thus also influence the coherence length ξ sc , as stated above in (19) . One has, however, to stress that the potential strength does not show up explicitly in the expression of the bubble which determines the internal structure of our preformed pairs. It is thus not surprising that -as we will discuss in Section 3 -the influence of the potential strength on the distribution function g P (P, ρ ρ ρ) of the pair size is weaker than its influence on quantities like ξ sc . Following expression (21) we can construct a function, g 0 P (P, ρ ρ ρ), that represents the internal structure of two independent particles with center of mass momentum P and which is given by the first term in (14):
Being independent of ρ ρ ρ, this contribution forms a constant "background" to the structure of g P (ρ), resulting from the direct two-particles scattering. For this reason, we subtract this background contribution from g P (P, ρ ρ ρ), so that instead of the definition (22) we will use the "rescaled":
However, one has to bear in mind that possible negative values of g P (P, ρ ρ ρ) simply mean a reduction of the number of corresponding pairs with respect to this independent particle background.
We do not attempt a fully self-consistent calculation of G -and thus of G -and χ. Rather, we approximate the one-electron spectral function in the pseudogap regime we are interested in by a BCS-like form with a finite linewidth γ. The corresponding result for G is derived in Appendix A.
Superconducting state
In this domain we deal with fluctuating pairs which still exist below T c . The formal procedure follows the same lines as above T c , but it is slightly more complicated due to the existence of the anomalous one-particle Green functions. The BS approach has already been used to study the Cooper pairs in the BCS ground state for an ideal Fermi gas [6] . The two particle propagator has two poles that represent a massless mode (the Anderson-BogoliubovHiggs mode) and a massive mode, describing pairs that are two-particle bound states with a finite lifetime, as the "preformed" pairs above T c . It is useful to introduce the Nambu representation for the particle field operator:
↓ (r) so that the BCS Green functions can be written as:
and the two-particle Green's function:
where the argument of the field operator represents the coordinates and the index of the Nambu spinor component 1 = r 1 , τ 1 , 1 , etc. In order to solve a BS equation analogous to (6) it is convenient to introduce a reduced two-particle correlation function: (27) which satisfies the BS equation:
where U is an effective two particle interaction that depends on the Nambu indices as well as on the particles space and time coordinates. The above equation can be solved introducing a many-particle T-matrix:
and by expressing L in function of T :
For the choice of the space and time coordinates made in equation (5), the corresponding two-particle correlation function in Nambu representation is given by:
and the two particle Green's function, for the arguments we are interested in, is given in Nambu representation (27) by: This expression shows that in the superconducting state the pair correlation function has two contributions. The first term, involving the product of the two anomalous Green functions, represents the internal structure of pairs that belong to the superconducting condensate. Indeed, the anomalous Green functions depend only on the relative distance ρ ρ ρ among the partners and not on their centre of mass coordinate. Thus, their centre of mass momentum is zero. It is from this anomalous bubble that one usually extracts the pair length ξ pair , which represents the average distance among fermions in a Cooper pair (see Appendix C). The second contribution to the pair correlation function (32), gives information about the non-condensed (or "fluctuating") pairs, as above the critical temperature. The method to calculate this part, i.e. to solve equation (30), is the same used for the pseudogap state. However, in the broken symmetry phase the longitudinal and the transverse components with respect to the direction of broken symmetry of the two particle correlation function are not equal (as it is instead the case above T c ). The information about the massless mode is carried by the tranverse part, which describes phase correlations among pairs, while the longitudinal component corresponds to the propagator of pairs with a given mass, and contains information about the relevant length of the broken symmetry phase [21, 22] . In order to obtain information about the internal structure of this fluctuating pairs, we use the longitudinal part of the correlation function, given by [21] :
From the longitudinal pair correlation function we can define the pair structure function (21) below T c with:
where χ 0 is the contribution of the bare bubbles to (33), due to the single particle Green functions product appearing in the definition of the two-particles correlation function (30). ρ ρ ρ and P are as for T > T c . Following reference [23] , we distinguish two gap parameters in the BCS Green function: the gap ∆ pg (k), which represents the pseudogap that survives below T c , and the gap occurring in the anomalous Green function ∆ sc (k), which represents the finite average value of the pairing field, the order parameter in the broken symmetry phase. The quasi-particle dispersion can be written then as:
− µ is the free particle dispersion. The Green functions can be written explicitly as:
Numerical results
Our numerical calculations are based on the tight-binding spectrum resulting from the kinetic energy part of the Hamiltonian (1) with a nearest neighbor hopping t in two dimensions. We use the total bandwidth W = 8t as our energy unit. The zero of the energy is in the center of the band. Assuming that the underdoped cuprates with a pronounced pseudogap are situated in an intermediate coupling regime of the attractive Hubbard model [16] we chose an interaction strength U of the order of 0.5 W . In the d-wave case, however, the interaction strength should be of order of the bandwidth to obtain reasonable values for the critical temperature [17, 18] . The value of the gap at zero temperature has been calculated solving the BCS equation, for fixed value of the chemical potential.
In order to incorporate the effect of the finite lifetime of the pair excitations without washing out the effect of the pseudogap, we choose one-electron Green functions with a finite linewidth Γ (see Appendix A) of the order of ∆/2, for which rather sharp features in the pseudogap region are still present.
For the width of the pseudogap we rely on quantum Monte Carlo calculations for the two-dimensional attractive Hubbard model [13] . Those results show that the value of the width depends on the band filling (i.e. on the chemical potential), but it is essentially independent of temperature T . The latter fact is one of the characteristic features of the pseudogap: when T increases, above T c , the pseudogap is filling up rather than closing. This filling up of the pseudogap can be taken into account by choosing a T -dependent line width Γ . For our interaction strength (U = 0.5W ) the numerical value of the pseudogap halfwidth ∆ pg is on the order of 0.05W for a quarter-filled band and to 0.06W closer to half-filling. Our chemical potential values correspond to lower filling. We will therefore chose values below 0.05W for ∆ pg in our calculations. The linewidth Γ is then adapted in order to obtain one-electron spetral functions of the shape as in the simulations, i.e. with a rounded pseudogap, rather than a true gap.
The relevant temperature interval of the pseudogap regime is determined in the framework of our description of pairing. In the usual T-matrix approximation, which results from the BS equation (6) , the superconducting instability occurs at the temperature where the "Thouless criterion" is fulfilled:
i.e., where pairs with zero centre of mass momentum begin to form a true bound state. This is a "mean-field-like" criterion that corresponds to our approach to pair structure, which is, of course, less precise than a treatment going more deeply into the analysis of phase fluctuations in the framework of the Kosterlitz-Thouless transition. For our calculations, we will in general indicate the value of the temperature ratio T /T c , in order to compare similar situations for different values of the underlying parameters.
The imaginary part of the T-matrix T (P, Ω + i0 + ) is the spectral function of fluctuating pairs of a given internal structure, specified by the denominator of expression (16) . The inverse width of ImT as a function of W can be interpreted as the life time of the corresponding pair. We obtain, in the case of s-wave pairing, for the lifetime the values 25, 5.5, and 1.8, for P = 0 and T /T c equal to 1.5, 3 and 6, respectively. This lifetime is expressed in units of the inverse of the Fermi energy E F , where E F = µ − E bottom and E bottom is the bottom of the band. Although the pair structure function is defined on a lattice, we present it as a continuous function, as a guideline for the eye to follow its dependence on the relative distance. We will study separately the behaviour of g P (ρ) for small and for large values of ρ. First we will present figures, obtained by treating numerically the relevant equations presented in Section 2, which show the influence of various parameters, such as center of mass momentum, chemical potential, attraction strength, on the form of g P (ρ) up to a few lattice constants. The asymptotic behaviour for large distances, on the other hand, will be discussed by analyzing the basic integral over wave vectors in the bubble (Eq. (20) ) that determines the ρ dependence of g P (ρ).
We first present results for an isotropic interaction of the form (10) leading to s-wave pairing. It turns out that similar findings will apply correspondingly to the d-wave case, for which we will present the basic features in the following subsection. The last subsection will be devoted to the preformed pairs below T c .
s-wave pairing above T c
In Figure 1 , we present the pair structure function up to three lattice constants for different values of the center of mass momentum in absence and in presence of a pseudogap. The function is calculated for the relative distance in the same direction as the momentum. In the s-wave case, however, the pair structure function is isotropic, reflecting the spatial symmetry of the order parameter, so that g P (P, ρ x ) is representative of the behavior along the other directions. The effect of increasing pair momentum is to reduce the number of pairs and to shrink their size (which can be seen as a sort of "relativistic length contraction"). It is apparent that the extension of the pairs in all the cases considered here is of the order of one or two lattice constants. In order to see the effect of the finite pseudogap on g P (ρ) for this range of distances we show g P (P, ρ x ) in the two figures for a fixed ratio T /T c , the transition temperature T c being calculated in each case using the Thouless criterion [15] . A finite pseudogap increases the number of pairs and slightly enlarges their size for zero internal momentum. For finite value of the momentum P, though, the opening of a pseudogap seems to suppress the pairing. Had we taken the same temperature for both figures, rather than the same ratio T /T c , we would find fewer pairs with pseudogap: for a given strength of thermal fluctuations (same T ) it is more difficult to form pairs in the presence of a pseudogap, since the density of states near the chemical potential is decreased. Moreover, when we increase the temperature, keeping all the other parameters the same, the values of g P (ρ) simply decrease by keeping the same form of the ρ-dependence.
In Figure 2 we show g P (ρ) for different values of the chemical potential µ. A smaller value has been chosen for the pseudogap in order to give more amplitude to the oscillations, which according to equation (45) -are damped by the presence of a pseudogap. As the chemical potential moves up from the bottom of the band (i.e. for increasing density, but still in the limit of validity of our T-matrix approximation), the number of pairs with small ρ x also increases: there are more electrons available to form these pairs. Moreover, the fluctuating pairs get somewhat more localized: the curve for g P (ρ) reaches zero for a smaller ρ x and the following oscillations are correspondingly shifted. These oscillations are a signature of the Fermi sea out of which pairing takes place, just like the Friedel oscillations of a screened interaction potential.
In Figure 3 we show the variation of the pair structure with respect to variation of the interaction strength. We have chosen ∆ = 0, since we are particularly interested in the behaviour of g P (ρ), when the interaction potential gets rather weak. When U is decreased g P (ρ) loses amplitude: fewer fluctuating pairs are formed. However, the range of the main peak for small distances essentially remains unchanged when U/W varies between −0.2 and −0.1. The inset shows the pair structure functions for stronger potential strengths (between −0.2 and −0.6). The functions are normalized to their zero internal distance value, as we want to emphasize the trend of the functions. As one would expect, the typical internal distance increases as the interaction strength U has weakened from 0.6W to 0.2W . This evolution is similar to what has been obtained by Paredes and Cirac [20] for a system of bosonic atoms in an optical lattice, which is mapped onto a fermionic system via a Jordan-Wigner transformation with a local attraction V . The pairs are formed according to a variational wave function, whose spatial extension changes by changing the attraction strength, and results in localized pairs for large value of V , and delocalized pairs for small V .
We have also studied the influence of the potential range on g P (ρ) by varying the parameter k 0 in the form function φ(k) of our factorized potential (9) . One has to bear in mind, however, that, for smaller and smaller k 0 , such a factorizable potential deviates more and more from a true distance dependent interaction, which would lead to a BS integral equation (7) . The result is that for decreasing k 0 , the amplitude of g p for small ρ decreases and the oscillations taking place for ρ up to a distance on the order of the inverse of k 0 disappear. However, the oscillations for larger distances get enhanced, such that for a potential with a longer range pairs tend to be less localized, as expected.
We now examine the ρ-dependence of g P (ρ) in more detail, looking also into the asymptotic behaviour for large distances. According to expression (14) the ρ-dependence comes from the "two-particle bubble" G , given by the sum over wave vectors in equation (20) .
First, we consider a weak attraction, where the pseudogap can be neglected. In this regime the zero momentum bubble has the form
When the free electron spectrum and the form function φ(k) are approximated by an isotropic form, the imaginary part of the bubble for z going to Ω + i has the form:
where J 0 (x) is the zero order Bessel function and the characteristic wave number k c , given by the zero of the denominator in (38)
is close to the Fermi wave number k F , since Ω, corresponding to the pair energy over which we integrate in relation (21) , is on the order of k B T and is therefore small. According to (14) the relevant quantity χ, determining g P (ρ), involves the product of two such (complex valued) bubbles and since k c depends on the energy Ω over which we integrate in (21), the final asymptotic ρ-dependence of g P (ρ) cannot be immediately guessed from these considerations. Nevertheless, k c is a key quantity in order to understand the general shape of g P (ρ). First, it determines through the Bessel function form and width of the main peak of g P (ρ), and thus the characteristic length d fp which represents the typical size of preformed or fluctuating pairs, as it appears in our figures, is of the order of the inverse of k c .
Our expression (14) for the pair structure function shows that, in the weak coupling limit, the influence of the interaction strength only shows up in the T-matrixexpression (15) -but not explicitly in the two-particle bubble which alone depends on ρ. Thus the ρ-dependence of the pair structure function g P (ρ) will be governed by the characteristic length, given by (40), whereas the potential strength only influences the amplitude of g P (ρ) through the T-matrix factor in (14) .
This explains the relatively small variation of the pair size with a strongly varying U , shown in Figure 3 .
In order to compare the ρ dependence for different values of U the pair structure functions shown in the inset are scaled to one at the origin. For the chemical potential used (µ is 0.8t above the bottom of the band) the k c value given by equation (40) is on the order of the inverse of the lattice constant. This is indeed reflected in the ρ dependence of g P (ρ), which varies little from one curve to another. On the other hand, the pair number strongly decreases then the attraction becomes weaker, as it is manifest looking at the values of g P (0) for curves at different interaction strengths.
The conclusion is that pairs, created out of the Fermi sea, remain relatively local even in the weak coupling limit. Their size is related to the inverse of the Fermi momentum k F , since the dominant wave vectors of the two partners forming these pairs are near k F . This is different from the case of an isolated pair, treated as a two-particle scattering problem. This corresponds to choosing µ = 0. In this case the relevant length scale as far as the pair size is concerned is the potential range; when the potential becomes weaker, the amplitude of the wave function gets smaller inside the attractive region and thus the pair state looks more extended.
This conclusion can also be reached by transforming the Bethe-Salpeter equation for the two-particle correlation function from its integral form (as it is shown in our Eqs. (7) and (12)) into a Schroedinger-like equation which, for an interaction potential U (ρ ρ ρ), reads:
where the function R(ρ ρ ρ) is given by
In the dilute limit the Fermi functions do not contribute to R(ρ ρ ρ), which leads to R(ρ ρ ρ) = δ(ρ ρ ρ). Equation (41) then takes the usual Lipmann-Schwinger form describing twoparticle scattering (see Chap. 13 of Ref. [15] ). However, for a Fermi system of finite µ our scattering equation (41) remains an integro-differential equation and, for a short range potential, the integral kernel is again dominated by the Fermi wave vector determining the range of R(ρ).
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The asymptotic behaviour of g P (ρ) in the weak coupling limit can also be discussed with the help of k c . For large distances ImG has oscillations of the form cos kcρ ρ . For g P (ρ) we indeed find numerically, for large ρ, oscillations with wavelength on the order of a few lattice constants. Their amplitude decreases as ρ −s with an exponent s which is somewhat larger than one. Its precise value depends on the chosen parameters, in particular on temperature. This shows that the second moment in ρ of g P (ρ) does not exist, and thus no "mean fluctuating pair size" can be defined in the weak coupling limit. However, since s > 1 the integral of g P (ρ) over ρ exists and can in principle be interpreted as the total weight of all pair configurations for a given center of mass momentum P. With increasing temperature the amplitude of these oscillations decreases, their form changing only slightly. The asymptotic behaviour of g P (P, ρ ρ ρ) is not surprising. Indeed, the Bethe-Salpeter equation we use for calculating the two-particle Green function describes the scattering of two electrons, due to their attractive interaction, in the presence of the Fermi sea. Our g P (ρ) gives then the difference in the number of paired configurations, with the partners being at a distance ρ, between the interacting system and the background of non-interacting paricles. The corresponding difference between the squares of the wave function describing a scattering state and of the free state of the same energy (in the absence of a Fermi sea) decreases asymptotically as ρ −1 in two dimensions. Thus, for weak coupling the fluctuating pairs look different from the pairs forming the superconducting condensate [21] , where a characteristic mean pair length ξ pair can be defined by the normalized second moment of the probability distribution g a (ρ) for the distance ρ between the partners of the pair. In the BCS approach the latter is given by the Fourier transform to real space of the equal-time anomalous Green function [21] . It is given by an integral like our expression (38), but for z = 0 and ξ(k) replaced by the gapped electron spectrum. For a finite superconducting gap ∆ sc the function g a (ρ) decreases exponentially for large distances and the characteristic pair size ξ pair found in this way [21] is given by
Except for a slightly different numerical factor in the denominator this is the usual BCS coherence length. Note that equation (2.69) of reference [21] has a slightly different form, since these authors use a scaled gap. We now consider an attraction U of intermediate value (on the order of half the bandwidth or more). It will produce a pseudogap in the one-electron Green function. The corresponding bubble, replacing (38), is shown in appendix A in equation (53). Due to the BCS-form (50) of G four terms contribute to the bubble in (53). The first two are of particle-particle type like the bubble (38) for free electrons. The other two are particle-hole like, but since they involve the product of the two BCS, respectively Bogoliubov weight functions u k and v k , they contribute less. For the particle-particle terms the relevant wave number k c , for which the corresponding denominator in the bubble (53) vanishes, will now be complex involving the value ∆ pg of the pseudogap:
In this expression we have neglected the energy Ω of the pairs. For a pseudogap which is somewhat smaller than the chemical potential (as it seems to be the case in underdoped cuprates) the real part of k c is still dominant, such that the short range structure of preformed pairs will again be characterized by a length d fp on the order of the inverse Fermi wave number. However, the imaginary part of k c now leads, through the properties of the Bessel function of a complex argument, to an exponential decay of g(ρ) for large ρ. The same exponential decay would, of course, be found for the spatial Fourier transform of the one-electron spectral function (49) for energies Ω smaller than the value of the pseudogap.
We can now introduce a fluctuating pair length ξ fp which differs from the quantity d fp . It is given by
On the other hand the structure of condensed pairs in this regime is similar as in the weak coupling limit: the electronic band structure governing the anomalous Green functions describing the superconducting phase is now characterized by a total gap which is composed of the pseudogap and the superconducting gap. A simple form used by various authors is
and expression (41) has to be replaced by
Thus, the condensed pairs now have a correlation length which is not very different from the one of the preformed pairs existing above the transition and in this regime the idea that fluctuating pairs condense when superconductivity sets in begins to be relevant. This has also been shown by thermodynamic arguments [16] . What is usually called strong coupling [21] corresponds to an attraction U¨exceeding the band width, which leads to a chemical potential lying far below the lower band edge. One can then show [21] that the two-electron propagator takes the form of the Green function of a Boson corresponding to strongly localized electron pairs. On the other hand the one-electron spectrum in the bubble can be neglected with respect to µ and the k-integral over the Bessel function yields again strongly localized preformed pairs, ξ fp now being of the order of the inverse of a wave vector on the edge of the Brillouin zone. Thus, for strong coupling, condensed pairs are as localized as the fluctuating ones, which legitimates the Bose-Einsteincondensation scenario for the superconducting transition in this regime. 
d-wave pairing above T c
As stated above, the d-wave case does not differ too much in the qualitative behavior from the previous cases, neither in the behavior with respect to the opening of a pseudogap in the single particle spectrum, nor in the dependence on the other parameters. We just show in Figure 4 the variation with temperature dependence of g P (ρ) for different momenta. As the temperature is raised, the distribution function is suppressed for P = 0 and enhanced for P = 0, as in the s-wave case. g P (ρ) vanishes for zero internal distance, as it should be from the symmetry of the interaction and of the pseudogap parameter, and has its maximum at a distance of the order of a lattice constant, slightly higher than the extended s-wave case. The d-wave symmetry is also visible in the fact that g P (ρ) is zero along the diagonal (ρ x = ρ y ), see Figure 5 . The pairs again have typically the size of a lattice constant, but a secondary peak appears in the zero momentum distribution function at a distance of three or four lattice constants. Another fact to be noticed is that when a gap opens we need to move toward stronger interaction value in order to have a reasonable value for the transition temperature. This is due to the fact that a finite value of the interaction in the 2D Hubbard model is needed for the d-wave case to have a bound state in the related two-body problem [18] . Moreover, the Friedel oscillations, discussed above for the s-wave case, are hidden by the oscillation of the d-wave symmetry of pseudogap parameter, of typical period π/a.
By lowering the interaction strength the number of pairs tends to diminish strongly. Moving the chemical potential more inside the band has as a result an enhancement of the number of pairs of finite momentum. To explain this enhancement, we can invoke the increase of kinetic energy due to confinement. We can also note a decrease of the average extension of the pair, as the secondary peak in the pair structure function almost completely disappears.
The asymptotic behaviour of g P (ρ) for large ρ is also similar as for s-wave pairing: in the absence of a pseudogap it goes to zero as a power of ρ, whereas the presence of a pseudogap again leads to an exponential decay characterized by the corresponding ξ fp . 
Below the transition temperature
In Figure 6 we compare the distribution functions g a of pairs in the condensate, given by the "anomalous" bubble G(x 2 ; x 1 ) 12 G(x 1 ; x 2 ) 21 in expression (32) and discussed in Section 2, for s-and d-wave symmetries. It is from this function that a pair length [21, 10] , which represents the average distance among fermions in a Cooper pair (see Appendix C), is usually defined.
The structure of fluctuating pairs below T c , given by the second contribution to (28) , are presented in Figure 7 for the s-and d-wave symmetry of the order parameter for temperatures around T c . We can thus assume that ∆(k) remains almost constant, with a value corresponding to the one in the pseudogap state [23] , while the value of the superconducting order parameter ∆ sc (k) builds up from zero at the transition temperature and increases to its zero temperature value following a 1−(T /T c ) 1/2 increasing law. One can see that the number of fluctuating Cooper pairs is suppressed as the long range order develops, i.e. it decreases with the temperature, contrary to the behavior above T c and consistently to what expected. The spatial extension of the pair structure function does not change appreciably, and it is somewhat shorter than the one inferable from the inspection of the distribution function g a (ρ) in Figure 6 . However, it should be pointed out that a comparison between the two functions can not be but qualitative, since g a (ρ) is a probability distribution function (though not yet normalized to one), while g P (P, ρ ρ ρ) is not a positively-defined function.
Discussion
In this work, we have proposed a function that describes the internal structure of fluctuating pairs in the weak coupling and in the pseudogap regions of high temperature superconductors and in the broken symmetry phase in the vicinity of the transition temperature. We assume that the system can be approximately described by an attractive Hubbard model. In this framework, we have studied the Green function for the operator which creates a pair of particles whose partners are at a certain relative distance. In order to describe fluctuating pairs we applied the Bethe-Salpeter approach and the corresponding T -matrix formalism, which takes into account the relevant interaction channel of repeated two-particle scattering in the presence of the Fermi sea.
We describe the pairs in terms of three variables: energy Ω, center of mass momentum P and internal distance ρ ρ ρ between the partners. Integrating over Ω with a Bose distribution we obtain a pair structure function g P (P, ρ ρ ρ) giving information about the number of pairs having momentum P and internal distance ρ ρ ρ. The expression that determines g P (ρ) has two ingredients: the T -matrix brings in the spectral properties of pairs with a fixed value of ρ ρ ρ, whereas the ρ ρ ρ dependence we are interested in here is brought in by the two-particle bubble. Strictly speaking, g P (ρ) is not a probability distribution, since we subtract the uniform background for non-interacting particles. Positive (negative) values of g P (P, ρ ρ ρ) then indicate an enhanced (reduced) tendency of the system of forming pair configurations in the presence of the attraction. We have studied the behaviour of g P (P, ρ ρ ρ) when its arguments (range ρ and momentum P), as well as various parameters, namely temperature T , interaction strength U and chemical potential µ (and thus electronic density), are modified. For the pseudogap in the one electron spectral functions we have used values which have been obtained by quantum Monte Carlo simulations of the Hubbard model [13] .
Here are our results grouped according to the dependence of the pair structure function g P (ρ) on different parameters: a) Distance ρ between the two partners When g P (ρ) is plotted as a function of ρ, as it is shown in our figures, most pairs seem to be relatively localized, extending only over one or two lattice constants. However, in order to appreciate the number of pairs of different size, the asymptotic behaviour of the function g P (ρ) for the fluctuating pairs has to be examined. It depends on the interaction strength U : For small U (weak coupling) g P (ρ) has a long tail in ρ with Friedel-like oscillations, the amplitude of which decays as ρ −s with an exponent s lying between 1 and 2, depending on the parameter values chosen. It is thus not possible to use the second moment of ρ in order to define a mean pair size. Moreover, when the total number of fluctuating pairs is calculated as an integral over ρ large pairs will give an important contribution due to the non-exponential decay of g P (ρ). When U is larger (intermediate and strong coupling), leading to a pseudogap in the one-electron spectral function, g P (ρ) goes to zero exponentially for large ρ. The second moment of g P (ρ) corresponds to a fluctuating pair correlation length ξ fp given by expression (46). It becomes shorter when the pseudogap increases and the fraction of relatively localized pairs becomes more important. The symmetry of the pairing interaction is reflected in the main structure of g P (ρ) as a function of ρ: for s-wave pairs the maximum is at ρ = 0, whereas for d-wave pairs g P (ρ) goes to zero for ρ going to zero. Moreover, the dependence on the direction of ρ corresponds to d-wave symmetry. b) Center of mass momentum P g P (P, ρ) decreases motonically when P increases: most pairs have zero momentum. Pairs with finite momentum are thus typically somewhat smaller than pairs at rest. c) Temperature T Above the superconducting transition temperature T c increasing T , and thus the strength of thermal fluctuations, reduces the value of g P (P, ρ): the number of fluctuating pairs decreases. Below T c there are Cooper pairs with a finite mean size forming the superconducting condensate. However, there are still fluctuating pairs below T c . They show the opposite behaviour temperature dependence: reducing T leads to fewer fluctuating pairs, whereas the number of condensed pairs increases.
d) Strength and form of the interaction potential For a fixed ratio T /T c a weaker interaction U leads to a lower number of pairs. Moreover, the pairs get somewhat less localized when the attraction is weaker. However, it is important to stress that the characteristic length, given in the weak coupling limit by equation (40), determining the short range form of ρ mainly depends on the electron density, rather than on U . Thus, the structure of pairs formed on top of the Fermi sea is different from what one expects in the framework of scattering theory that describes the resonance states of two isolated particles.
Going from a local attraction to an interaction of longer range in the framework of a separable potential is achieved by making the characteristic wave number k 0 in expression (10) smaller. Pairs then get wider and the long range Friedel oscillations are enhanced. e) Chemical potential When µ moves down towards the lower band edge the number of pairs is reduced, there being fewer electrons around to form them. Moreover, the long range oscillations in ρ, observed for weak coupling, change in amplitude and wave length (as it is the case for the Friedel oscillations of the screened interaction). When the electronic density goes to zero the U -dependence expected from scattering theory is recovered.
In the framework of the attractive Hubbard model preformed, or fluctuating pairs have widely been treated by analyzing, for example, the properties of the T-matrix or by transforming the partition function into a functional integral over a pairing field. However, as stated above, the usual T-matrix, as well as the pairing field, only depends on energy and center of mass momentum of the pairs. One thus only describes pairs with fixed, characteristic internal distance ρ between the partners. For the usual on-site attraction the pairs treated like this are local, the partners sitting on the same lattice site. Such an approach thus does not give information about the internal structure of the fluctuating pairs, as it is given by our pair structure function. It would, of course, be interesting to observe the distribution of internal distances for the pairs of high temperature superconductors. An indirect access to the pair correlation function, which is equivalent to our pair structure function integrated over all the centre of mass momenta, is possible by the fact that in the broken symmetry phase it is connected to the correlation energy [24] . This energy, in turn, plays a key role in the thermodynamics of the phase transition itself. The real space picture of this pair correlation function, reported in [24] looks similar to what we obtained for g P (P, ρ ρ ρ) both for s-and d-wave case as can be seen by comparing with Figure 7 (we point out that in contrast to reference [24] , we reported the values of the pair structure function not only on the lattice sites, but also on intermediate positions).
Another area for which the internal structure of Cooper pairs may be relevant is the very active field of systems of ultracold atoms. In fact, while it is probably difficult to measure the internal structure of the Cooper pairs in a superconductor, due to the very complicated structure of the cuprates, in the case of atoms trapped in optical lattice it is possible to carefully control all the parameters for the interaction among particles [19] . Moreover, it should be possible to actually measure the extension of the Cooper pairs. Altman et al. [28] have explained how the analysis of the light absorption image of a cloud of such ultracold atoms, expanding when the trapping potential has been turned off, can be used in order to study the momentum distribution of the trapped atom system. They show that, in the framework of a BCS-like state such a measurement would yield information about the usual functions u(k) and v(k) used to build up the state. These functions determine the structure of the condensed pairs. In the same way one would obtain insight into our structure function g P (ρ) for fluctuating pairs. Alternatively, one could analyze the response to a Raman laser which couples to the internal states of the pair, as suggested in [20] .
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These quantities reflect indeed the pseudogap behavior, and their reduction above T c is strongly magnetic field dependent accordingly to a scaling relation that depends on the effects of the Cooper pair density fluctuations [27] .
Starting from our Hamiltonian (1) with the factorizable form (9) Here U λ is the potential strength in equation (9) and ψ(P, τ) is the pairing field accompanying the creation and annihilation operators of pairs, related to the basic definition (2) by Q 0 (P ) = We stress that Q † 0 creates reference pairs with a particular, fixed internal structure obtained by summing over pairs with different distance ρ between partners, weighted by the space Fourier transform ψ λ (ρ) of the form factor ψ λ (k) of the interaction potential (see Eq. (54)). The dynamic correlation function of these reference pairs can be found from equation (12) by performing the same summation over ρ and ρ as in (54):
The number N 0 (P) of such reference pairs is given by
This is not identical to (55). However, treating pairs as classical, as usually in the LG approach, one can limit the sum to z = 0, and taking into account that the factor multiplying the T-matrix in (58) varies slowly over the region where T is important, the excplicit form of the latter given in (16) leads us back to (55).
It is important to stress again that N cp (P) is the total number of pairs with a fixed internal structure, adapted to the form of the interaction in the starting Hamiltonian. It is thus not equal to what would be, in our approach, the total number of pairs with a given center of mass momentum, summed over all possible internal distance between the partners. This quantity would have to be identified with the integral over ρ of our pair distribution function g P (P, ρ). The latter derives from a correlation function χ of the form (12) which is not identical with expression (58).
Appendix C: Cooper-pair size at finite temperature
In this appendix we calculate ξ pair , defined as [21, 10] :
where g a (r) = 1
and ψ σ (r) is the fermionic field operator, ∂ k is the gradient operator in k-space, and φ(k) = ∆ k /E k (1 − 2f F (E k ) is the Fourier transform of g(r). Here ∆(k) is the superconducting gap considered in the d-wave symmetry, E k ≡ ξ 2 k + ∆ 2 k , with ξ k the normal-state dispersion, and f F (E k ) is the Fermi distribution. At zero temperature, ξ pair is infinite in the d-wave case, due to a logarithmically divergence at the numerator of (60) [10] . We will show that at finite temperature, the pair length is instead finite. As done in reference [10] , let us consider the contribution of the numerator and of the denominator of equation (60) separately. Since we are interested in possible divergences, we can perform a nodal approximation, which consists in linearize the quasiparticle dispersion near the spectrum nodal points:
In this way, we obtain for the numerator:
